Probenius manifolds for elliptic root systems 

Ikuo Satake 



Abstract. In this paper, we show that the quotient space of the domain by 
the reflection group for an elliptic root system has a structure of Frobenius 
manifold for the case of codimcnsion 1. We also give a characterization of this 
Frobenius manifold structure under some suitable condition. 



1. Introduction 

A Frobenius manifold is a complex manifold whose holomorphic tangent bundle 
has the following structures: a flat holomorphic metric and a product satisfying 
some integrable condition. It is introduced by Dubrovin in order to represent the 
integrable structures of the topological field theory. Its construction is important 
from the viewpoint of mirror symmetry (cf. [6|). 

For a Frobenius manifold, the notion of "the intersection form" is defined. It is 
a holomorphic symmetric tensor on the cotangent bundle of the Frobenius manifold. 
This is introduced in [14] in the context of singularity theory and defined in [4] for 
Frobenius manifolds. Then we set the following problem: 

Problem: Let (M, /*) be a suitable pair where M is a complex manifold and I* 
is a holomorphic symmetric tensor on the cotangent bundle of M . Construct the 
Frobenius manifold structure on M such that its intersection form coincides with 
the tensor I* . 

If M is the complex orbit space of a finite irreducible Coxeter group and /* is 
the tensor descended from the standard holomorphic metric, this problem is solved 
by Saito [l3|, Dubrovin [4]. 

In this paper, we solve the problem for the complex orbit space of the reflection 
group for an elliptic root system of codimension 1 with the tensor /* descended from 
the standard holomorphic metric. It is a natural generalization of the complex orbit 
space of a finite Coxeter group. We also show a strong uniqueness theorem which 
asserts that the structure of Frobenius manifold whose intersection form coincides 
with /* is unique under the condition that only the Euler vector field is fixed. 

We remark that the complex orbit space of the reflection group for an elliptic 
root system appears in various contexts and is studied from various viewpoints, 
for example, invariant theory (I. N. Bernstein and O. V. Svarcman [l], [2], E. 
Looijenga [12j . K. Saito |16j). characters of an affine Lie algebra (V. G. Kac and 
D. H. Peterson [11] , P. Slodowy \21\). the adjoint quotient of an elliptic Lie group 
(S. Helmke and P. Slodowy [7]), Jacobi forms (K. Wirthmiiller |22| ) and moduli 
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spaces of the G-principal bundles over elliptic curves (R. Friedman and J.W. Morgan 

We shall explain the outline of our method of the construction of the Frobenius 
manifold; which is almost parallel to the finite Coxeter group case [4]. Among the 
structures of the Frobenius manifold, the flat metric J is already constructed by 
Saito [16j . A multiplication on the tangent bundle is constructed as follows. 

If we have a Frobenius manifold in general, we have the following diagram: 

Product structure 

(a) / \ (c) 

(b) 

Intersection form — > Christoffel symbol 

This diagram means that the product structure gives the intersection form (step 
(a)), the intersection form defines its Levi-Civita connection and gives the Christof- 
fel symbols (step (b)), therefore the product structure gives the Christoffel symbols 
(step (c)). 

For step (c), the structure coefficients C"^ of the product and the Christoffel 
symbols F"'' have the simple relation ([H p. 194, Lemma 3.4]): 

(1.1) Tf ^{df' + ^-^)Cf 

with respect to the fiat coordinates of the Frobenius manifold, where D is a degree 
of the fiat metric (see Definition 13. 4p of the Frobenius manifold and is a degree 
of the homogeneous fiat coordinate . 

Thanks to the equation p.ip . the converse construction of the step (c) is pos- 
sible for some cases, which gives a clue to solve our problem. 

For the case of the complex orbit space of a finite irreducible Coxeter group, 
the coefficients d^ + in pTT]) are all non-zero. Thus we could define C"^ by 
F"'^. Furthermore we see that C!^^ satisfies the conditions of Frobenius manifold 
by the method of fiat pencils. 

For the case of the complex orbit space of the reflection group for an elliptic 
root system of codimension 1, some coefficients d^ + ^^^^ in (|l.ip are zero. However 
we could define C"'^ by T"^ also for this case because of the property of the unit. 
Then we see that C"^ satisfies the conditions of Frobenius manifold through case 
by case argument and the technique of fiat pencils. 

By this argument, we have a uniqueness of the product structure if the unit vec- 
tor field and the holomorphic metric is given (cf. [4l p. 195, Remark 3.2]). However 
we give a stronger uniqueness theorem which asserts that the Frobenius manifold 
structure with intersection form /* is unique up to C*-action under the condition 
that only the Euler vector field is fixed. 

Our results have an interesting application. A flat coordinate system t^, - ■ ■ , 
could be constructed by Jacobi forms for G2 case jl7| and for Eq case |19j . Thus 
the functions I*{dt^,dP) on M for the symmetric tensor I* are represented by the 
derivatives of these automorphic functions. On the other hand, the result that /* is 
an intersection form of the Frobenius manifold means that the functions I*{df , dP) 
have a lot of differential relations. Thus we could obtain many differential relations 
for these automorphic functions systematically. An explicit formula of differential 
relations is partly announced in |18j . 
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In the results of this paper, the part of constructmg the Frobenius manifold is 
already announced in [18j in the form of an existence of a potential. For an explicit 
calculation of the potential, it is done for D4 case |18j and for G2 case [3]. 

This paper is organized as follows. 

In Section 2, we review the notions necessary for later sections. We introduce 
a concept of an elliptic root system, the elliptic Weyl group, the domain E, the 
symmetric tensor on E, invariant ring and the Euler operator. Here we introduce 
new notions of a signed marking and an orientation of an elliptic root system. These 
notions fit the natural definition of the domain E which we shall study. 

In Section 3, we give the results. We introduce the quotient space of E by 
the elliptic Weyl group and see that the symmetric tensor descends to the quotient 
space. Then we assert that the quotient space has a structure of Frobenius mani- 
fold which is compatible with the symmetric tensor under some suitable condition 
(so-called "codimension 1"). We also assert a strong uniqueness theorem of the 
structure of Fronbenius manifold. 

In Section 4, we show that the quotient space have a structure of Frobenius 
manifold. First we review the work of construction of holomorphic metric by [16j . 
Then we define the multiplication in a case by case manner. We construct the 
potential of this product. This potential is used to show the properties of the 
product. For these results, the technique of a flat pencil is necessary and we collect 
the necesary results in the beginning of this section. 

In Section 5, we give a strong uniqueness theorem which asserts that the Frobe- 
nius manifold structure with intersection form /* is unique up to C*-action under 
the condition that only the Euler vector field is fixed. 

The anther would like to thank Prof. Michihisa Wakui for his careful reading 
of the manuscript and for his continuous encouragement. 

2. Weyl group invariant ring 

The purpose of this section is to review the invariant ring and the Euler operator 
introduced in |16j . The notions of a signed marking and an orientation of an elliptic 
root system are new. 

2.1. Elliptic root system. In this subsection, we define an elliptic root sys- 
tem and its orientation. 

Let I be a positive integer. Let F be a real vector space of rank I + 2 with a 
negative semi-definite or positive semi-definite symmetric bilinear form I : F x F 
R, whose radical rad/ := {x E F \ I{x, y) = 0, Vy e F} is a vector space of rank 2. 
For a non-isotropic element a E F (i.e. /(a, a) ^ 0), we put := 2a/I{a, a) E F. 
The reflection Wa with respect to a is defined by 

(2.1) Wa{u) -.^^ u- I{u,a''^)a {Vu E F). 

Definition 2.1. ( |15|. p. 104, Def. 1]) A set R of non-isotropic elements of F 
is an elliptic root system belonging to {F,I) if it satisfies the axioms 1-^: 

(1) The additive group generated by R in F , denoted by Q{R), is a full sub- 
lattice of F. That is, the embedding Q{R) C F induces the isomorphism 
: QiR) (g>zR-F. 

(2) /(a,/3^) EZfora,(3E R. 

(3) Wa{R) = R /or Va E R. 

(4) If R — RiU R2, with Ri -L i?2, then either Ri or R2 is void. 
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For an elliptic root system R belonging to {F, I), the additive group rad/n(5(i?) 
is isomorphic to 7?. 

Definition 2.2. An elliptic root system R is called oriented if the W-vector 
space rad/ is oriented. A frame {a, 6} o/rad/ is called admissible i/rad/n (5(i?) ~ 
Za © Z6 and it gives the orientation of rad/. 

Remark 2.3. // an elliptic root system {R, F, I) comes from vanishing cycles 
of a Milnor fiber of a simple elliptic singularity, then rad/ H Q{R) — //i(/?oo,Z) 
for an elliptic curve Eoo at infinity (cf. |16| p.l8]J. Then {R,F,I) is canonically 
oriented by the complex structure of the elliptic curve Eoc ■ 

2.2. Hyperbolic extension and Weyl group. In this subsection, we define 
a signed marking, a hyperbolic extension and its Weyl group. 

Definition 2.4. Let R be an elliptic root system R belonging to {F,I). By a 
signed marking, we mean a non-zero element a o/rad/n(5(/?) such that Q{R)r\^a = 
Za. 

Hereafter we fix an oriented elliptic root system with a signed marking (/?, a) 
such that the quotient root system R/M.a (:= Image(i? ^ F ^ F/M.a)) is reduced 
(i.e. a, ca € /?/Ra implies c € {±1}). 

Let F^ be a real vector space of rank 1+3 and /^ : F^ x F^ M. a.n M-symmetric 
bilinear form. The pair {F-^,1^) is called a hyperbolic extension of {F,I) if F^ 
contains /" as a linear subspace, radl^ = Ma and 1^\f = /. A hyperbolic extension 
is unique up to isomorphism. Hereafter we fix a hyperbolic extension (F^ 

We define a refiection Wa E GL{F^) by Wa{u) := u — /^(u,a^)a for u G F^. 

We define a Weyl group W (resp. W) by 



(2.2) W ■.= {wc,\ae R) (resp. := (w„ | a G /?)). 
We have a natural exact sequence: 

(2.3) O-^Kz^W^W^l, 

where W ^ W is given by the restriction of W on F and Kz is the kernel of 



W W. The group Kz is isomorphic to Z. 

2.3. Domain. In this subsection, we define a domain E for the oriented elliptic 
root system with the signed marking {R,a) belonging to (F, /) such that R/M.a is 
reduced. 

For {F,I), the set {c G R | the bilinear form cl defines a semi-positive even 
lattice structure on Q{R)} has the unique element of the smallest absolute value. 
We denote it by {Ir : I). 

Take b G rad/ n Q{R) such that {a, b} gives an admissible frame. Then we 
could choose an isomorphism 1^9 : Z ~ Kz and X £ F^ \ F such that 

(2.4) ip{n)-~X=~X-na{neZ), {Ir : I)I{X,b) > 0. 

By the condition (|2.4p . A is unique up to adding an clement of F, and such an 
isomorphism is unique. 
We define two domains: 

(2.5) E-~{xe HomK(/^\ C) | (a, x) = 1, Im(6, x) > }, 

(2.6) H := {x G HomK(rad/, C) | (a, x) = 1, Im(6, x) >0}, 
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where { , ) is the natural pairing x (F^)* — > C and F^ := F^ (g)R C. We have a 
natural projection 

(2.7) TT : E ^ H. 

For a root a G i?, we define the reflection hyperplane of E by 

(2.8) Hc,:={xeE\{a,x) ^0}. 
We define a left action of on E by 

(2.9) {'n,g-x) -{g-^ix) 

for g eW, 77 G F^, x G E. 

For a complex manifold M, we denote by Om (resp. Qm) the sheaf of holo- 
morphic functions (resp. holomorphic 1-forms, holomorphic vector fields). We de- 
note by 0(M) (resp. n^{M), e(M)) the module r(M, Cm) (resp. T{M,n\j), T{M,Qn 

We define a vector field E' on E by the conditions 

E'x==0 (V.TGF), E'\ ^ 



-27rV-l 

The vector field E' is uniquely determined by the condition 

We define a C-symmetric bilinear form /* on Since we have a canonical 
isomorphism T*E ~ C (E)r (F^/Ra) for p G E, we have an C^-bilinear form 

(2.10) r-.nixni^ 

induced from : F^ /Ra x F^ /Ra R. We remark that Lice'I* = 0, where Lie 
is the Lie derivative. 

The action of on E (resp. E \ UaenFla) is properly discontinuous (resp. 
properly discontinuous and fixed point free) (cf. }16j ). thus the quotient space E/M^ 
(resp. {E\UaeBHa) /W) has a structure of analytic space (resp. complex manifold). 
We have the following diagram of analytic spaces: 

(E\U„eKi?a)/M^ — ^ ^/W 

(2.11) 



The morphism ii is an open immersion and its image is open dense. 

Since the tensors E' and /* on E are M^- invariant, these tensors descend to the 
space {E\Ua^RH^)/W: 

(2.12) E' : ^]g\yJ^^^H^y^r ~^ ^(E\U„e„H„)/l4" 

(2.13) /* : ^Jt\u„g^ff„)/iv ^ ^lE\u^eRH^)/W ^{E\Ua,eRHa,)/W- 



2.4. The Weyl group invariant ring. In order to extend the domain of the 
definition of the tensors (|2.12p and (|2.13p . we introduce the Weyl group invariant 
ring S , S modules ri^w- , Der ^ir in this subsection and formulate the tensors 

E' and /* by these <S^ modules in the next subsection. 

We define an On-module of T^-invariant functions parametrized by A; G Z 
as the subsheaf of ir^O^ by 
(2.14) 

Sf{U) := {/ G n^O^iU) \ f{g ■ x) ^ f{x) (Vg G W.^x G it-\U)), E' f ^ kf} 
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for an open set U cM. 

We define the Oe-graded algebra <S^ by 

(2.15) 5^:=05r. 

feez 

We have injective homomorphisms 

(2-16) -K^O^iy^ ''^*^{w\yi^^RH^)lw- 

Theorem 2.5. ( [l], H, [5], [11], [H, [22] ) 

The Om-graded algebra is an Ou-fi"ee algebra, i.e. 

(2.17) S"^ ^Ou[s\--- ,s''-'] 

for e <Sj(IHI) with > > ■ ■ ■ > c""^ > and n -.^ I + 2. We remark that j 
of is a suffix. 

We introduce the 7i-th invariant s" e (H) . Since an element of rad/ natu- 
rally gives an element of S'^ (M), we define s" = b, where b G rad/ is introduced in 
Section 2.3. We put c" = 0. Then e 5 J(1I) for j = 1, • • • , n. 

We define two 5^-modules fl^^w and Der^w. 

For an open set [/ C H, we put 

(2.18) ^S-<^y-=^S-iu)/c^ 

where R.H.S. is the module of relative differential forms of a C-algebra 5^(C/). 
Since is an Oa-free algebra, fJ^w defines a sheaf. fJ^,, has an <S^ -module 

structure. We remark that since a local section of ^l\,w determines a local section 

o 

TT^rji and TT^rii „ which is M^-invariant, there exists a natural lifting map 
We put 

(2.19) Der^w := Hom^w(f]^iv,5'^). 
By the generators of S'^ , we have 



(2.20) = ©r=i<5^f^s\ Der^w =®r=i'5'*'^ 



2.5. Euler operator and bilinear form on the invariant ring. We define 
the Euler operator as a vector field on E defined by 

(2.21) E := ^E'. 

As in the case of E' in (|2.12p . E defines a morphism 

^ ■ ^(E\U„eH,ff„)/W ^ ^(E\u„e„ff„)/W'- 

By |16j . we have the «S^-homomorphism and <S^-symmetric bilinear form: 

(2.23) E:n^^,v^S^, 

(2.24) /* : n^^,v X n^^,v ^ 
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with the following diagrams 
(2.25) 



(2.26) 



where the upper line of (|2.25p is induced by (|2.22p and the upper line of (|2.26p is 
induced by (|2.13p . The morphisms (|2.23|) and (|2.24p are uniquely characterized 
by the diagrams l|2.25p and (|2.26p respectively because ''^*^{E\Uc^eRHc)/w 
is injective. 

3. Results 

In this section, we first define the Weyl group quotient space E//!^ for E and 
W defined in Section 2. Then we assert that E//VF has a structure of Frobenius 
manifold under some suitable condition. 

3.1. Weyl group quotient space. In this subsection, we define the Weyl 
group quotient space and study the tensors on it. 

Let E, H be the domains and W be the Weyl group defined in Section 2. 
Let (An) and {Set) be categories of analytic spaces and sets, respectively. Let 
{{An) /My be the dual category of the category of H-objects. Since the Cn-algebra 

is of finite presentation (Theorem 12. 5p . the analytic space Specan.S'^ could be 
defined by |10| . We define the Weyl group quotient space E/ /W by 

(3.1) E//M/ := Specan5^. 

We denote the structure morphism K/ /W EI also by tt. The space E/ /W is 
isomorphic to H x C"^^ by Theorem l2.5l 

By definition of Specan, there exists a natural isomorphism: 

Hom(^„)/H(^,E//W) ~ Homo,(/*5^,Ojf) 

for an object / : X ^ H of the category {An)/M. Since there exists a canonical 
isomorphism: Homox Cx) — HomoH(«S^, /^Cjc ), we have 

(3.2) Iioii^An)/miX,E//W) c Homoe(5'^', f.Ox). 

We define a ringed space (H, S^') by the space H with the sheaf . We 
define a morphism of the category of ringed spaces: 

(3.3) ^: (E//VK,Ot//i^)^(H,5^) 
by the mapping tt : E/ /W H and the morphism 

(3.4) </> : 5^ ^ ^*0^//w 

which corresponds to the identity element of IIom(^„)/e(IE/ jW) by (|3.2p . 
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Proposition 3.1. We have the canonical isomorphism: 
(3.5) 

Proof. We define the ringed space /W"-''^ ^Ogj j^^ig) as follows: As a 
set, t/lW^^B = t//W. A topology on /W^^a is introduced so that {{U,f) C 
V./jW^^s I [/ c M : open, / e r(t/,5'^)} becomes an open basis, where ([/,/) 
{x e E//t^'^'ff 1 7r(a;) € [/, /(a;) 7^ }. We define the sheaf Ot//W"'s associated with 
the presheaf O^j jy^aig {{U, /)) := T{U, S^) / for an open set {U, /). 

The morphism ip : (E/ /W^, O-g^^-^^) (H, «S^) factors as the composite of the 
morphisms: 

(3.6) (E//1^,0^//^^) n (E/Z^-^'^O^z/^^^,,) n (H,5^). 

We define a sheaf ^^^^^,alg E/ /VF'^'f as a sheafification of the prcsheaf 

(3.7) ([/,/) ([/)/. 
Then we have a natural isomorphism 

(3.8) V'2^^5«. =^ 

by a discussion of an affinc morphism in scheme theory. Also wc have a natural 
isomorphism 

(3-9) (^*r2|zz^„,g ~ ^k//w 

because an O^^ z^;j,„ig -locally free basis of algebraic 1-forms is regarded as an O^^ ^^y- 
locally free basis of analytic 1-forms. □ 

We define the Ogyy^-homomorphism and Og.yy^-symmetric bilinear form 

(3.10) E : nj^^^^ 0^//-^y, 

(^■^^) ^//w ■ ^t//w ^ ^k//w ^ ^^liwi 

by taking the pull-back of ^TTS^ and ^Hl^ by ip. 

We shall see the relation between ((XTU| (resp. (PTT|l ) on E//# and ^TF^ 
(resp. ^M) on (E \ U„eii7?„)/VF. 

By p.2p . a natural inclusion ^ TXtfO^jy^ corresponds to the mapping 

(3.12) i2:tlW jW. 

By jl6| , the morphism 12 is an open immersion and we have E/ jW ~ E/M^UH. The 

composite mapping (E\UQ,(=fli7Q,)/M^ E/M^ E//M^ is also an open immersion 
and its image is open dense. 

We have the following diagram of ringed spaces: 
(3.13) 

((E\U„e«J?a)/W^,0(t\u„,HH„)/H') (E/M^,Ot/H.) (E//t^,Ot//H^) 



(H,Oh) (H,Oh) < (H,5^) 
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Proposition 3.2. TheO(j_~^^j^^^^^y^-homomorphism 12.22\} fresp. the Of^^^^^j^^^j^ dis- 
symmetric bilinear form 112. 13\) ) is uniquely extended to the O^j j^-homomorphism 
^\//w ^ ^t//w (resp. O^^^^- symmetric bilinear form nl^^^xQl^^^ 
and coincides with US. 1 0|) (resp. \3.11\) ). 

Proof. Since the image of the open immersion i2 o ii is open dense, we should 
only prove that the pull-back of ()3.10p (resp. (jS.lip ) by «2 o «i coincides with 
([2:^211 (resp. ([213]) ). The former is the pull-back of jMSKresp. by ipoi2oii. 

The latter could be written as i? : {ip o i2 o ii)*n\^„, — > (93 o 12 o ii)*S^ (resp. 

I* : {if o i2 o ii)*n^^„ X ((/J o Z2 o ii)*r2^„, ^ ((^ o 12 o ii)*S'^). 

Then we have the result by applying the following lemma to (|2.25l) and (|2.26p 
using the fact that {ip o i2 o ii)^ ~ tt^,. □ 

Lemma 3.3. Let f : {X,Ox) — > {Y,Oy) be a morphism of ringed spaces. Let 
T,Q be Oy-modules. If we have a : f*J- f*Q, P '. T ^ Q and a commutative 
diagram: 



(3.14) 



f.f*T fj*g 



for the natural morphisms T — > f^,f*J- and Q — > f*f*Q , then we have a — f* 13. 
Proof. By the naturality of /*/* id., we have the commutative diagram: 









f*G 


(3.15) 


f*f.f*T 




I 

f*.Uf*G 




I 

f*T 


/*/3 


I 

f*G. 



Since the composite morphism f*J- f* f*f*J' f* J' is the identity morphism, 
we have the result. □ 

3.2. Probenius manifold. In this section, we give the main theorem which 
asserts that the space ^/ /W admits a structure of Probenius manifold and it is 
unique up to C* action under some suitable condition. 

We first remind the definition of Probenius manifold and its intersection form. 

Definition 3.4. ([H p. 146, Def. 9.1]) A Probenius manifold is a tuple 
{M,Oj e, E, g) where M is a complex manifold of dimension > 1 with holomor- 
phic metric g and multiplication o on the tangent bundle, e is a global unit field 
and E is another global vector field, subject to the following conditions: 

(1) the metric is invariant under the multiplication, i.e., g{XoY, Z) = g{X, Yo 
Z) for local sections X, F, Z e 6a/, 

(2) (potentiality) the (3, l)-tensor Vo is symmetric (here, V is the Levi-Civita 
connection of the metric), i.e., VxiY o Z)-Y o Vx{Z) -Vy{XoZ) + 
X o Vy{Z) -[X,Y]oZ ^ 0, for local sections X, F, Z e Ga/, 
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(3) the metric g is flat, 

(4) e is a unit field and it is flat, i.e. Ve = 0, 

(5) the Eulcr field E satisfies LieE{°) = 1 • o and LieE{g) ~ D ■ g ioi some 
Dec. 

Definition 3.5. ([H p. 191]) For a Frobcnius manifold (M, o, e, i?, 5), we define 
an intersection form h* : x Q^^j Om by 

(3.16) h*{uji,oj2) ^ g{E,g*{ui) o g*{uj2)) 

where g* : Qm is the isomorphism induced by g. 

For the oriented elliptic root system with the signed marking (i?, a) such that 
RfRa is reduced, the condition > is called "codimension 1" in |16l . 

Theorem 3.6. If the oriented elliptic root system with the signed marking (R, a) 
such that R/R.a is reduced satisfies the condition of codimension 1, then we have 
the following results. 

(1) E/ /W has a structure of Frobcnius manifold {¥,/ /W, o, e, E, J) with the follow- 
ing conditions: 

(1) E is the Eulcr field defined in i3.10\) . 

(2) If^^^yy gives the intersection form of a Frobcnius manifold (E//VF, o, e, i?, J). 

(2) For c e C*, {K/ /W ,c~^o^ce,E,c~^J) is also a Frobcnius manifold satisfying 
conditions of (1). 

(3) Let (E//W, o', e', £", J') be a Frobcnius manifold which satisfies conditions of 
(1). Then there exists c e C* suchthat /W ,0' ^e\E' , J') = (E//^, c-^o, ce, c"^ 

Remark 3.7. In the definition of Frobcnius manifold, the homogeneity Lie e{J) — 
D ■ J for some D € C is assumed. By the equation I13.16\) . D must be 1 because 
Lie_E/|^^j^ = and LieE{°) = o- 

Remark 3.8. The existence of the holomorphic metric J is already shown in 
[16j . The existence of the product sturcture is already announced in [18] in the 
form of the existence of the potential. 

4. Construction of Frobenius manifold structure 

In this section, we give the proof of Theorem I3.6f 1). that is, the existence of 
Frobenius manifold structure on E//M^. In Section 4.1, we review a construction 
|16j of a flat metric on E/ /W (Proposition 14. 2|) and flat coordinates. In Section 
4.2, we recall the notion of a flat pencil. In Section 4.3, we construct a product 
structure on the tangent space of E/ /W. In Section 4.4, we construct a potential 
of the product. In Section 4.5, we show the properties of the product. In Section 
4.6, we show that these constructions give a Frobcnius manifold structure. 

Hereafter we shall calculate tensors by using indices. In that case, we use 
Einstein's summation convention, that is, if an upper index of one tensor and a 
lower of the other tensor coincide, then we take summation for the same letter. 

4.1. A construction of a flat metric and flat coordinates. Let E//iy be 
the Weyl group quotient space defined in (|3.ip . Hereafter we assume that {R,a) 
is codimension 1. 

We prepare the relation between «S^-modules and Oj^ modules. 
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We first define a notion of degree. For / e «S and d G Q, if Ef = df, then we 
call d the degree of f. For / G <S^, the degree of / is p-. Especially the degree of 
s' in Theorem 12. 51 is d^ :~ ^ fi = 1, • • • , n), i.e. 



(4.1) Es' = d\s' {i^l,--- ,n), 1 = rfi > > .. . > > = 0. 

A degree is defined also for local sections of ^^iv and Der . They have <S'^-free 
homogeneous generators by (|2.20p . 
We have morphisms: 

(4.2) 5^ ^ ^.^*S'^ ip.O^/^y^, 

(4.3) f]^,,r V3,</J*fi^w- 

(4.4) Der^H- ip^,ip*Der^w ~ (^*9g^y^y. 

where (j4.2p is : <S^ ^ ''"♦C'e/z^^/ defined in p.4p . The morphisms (|4.3p and 
(HID are defined for a morphism ip : {E/ /W ,0^/ z^^-) {m,S^). 

Proposition 4.1. The morphisms anrf J^.^p are injective. A 

homogeneous local section with respect to the Euler operator E G 0(E//VF) o/ 
V*C'e//vk T'^esp. '^*0E//w'/' 0/5^^ fresp. H^i,., Der^v, ;. 

Proof. The morphism Lp decomposes into ^ = ° as in the proof of 
proposition 13.51 For a «S^-module A^, we have ~ (p2^'P2-M. because ip2 is 
an analogue of affine morphism of scheme theory. Also 1^2-^ ~* 'fii*fi(f2-^) 
injective because tpi is faithfully flat by [20] . Thus we obtain the injectivity of 

By semi-positivity of the degrees of , • • • , s", a homogeneous section of ip*Og^ 

is an image of (|4.2p . Since fJ^,,, (resp. Der^w) is a .S'^-free with homogeneous 

generator ds^, • • • , ds" (resp. • • • , g|^), the morphism (|4.3p (resp. (|4.4p ) is 
written as 

(4.5) ^ ©^=l'^*^?E//^yrf5^ 

(4.6) (resp. ©^=1 <5^^ - ©r^i-^^OE/ziy 

Then the asscrsion is obvious. □ 

We prepare the notations. We put :== 5f (H), := 5^(H). Then 
is an 0{M)-iiee algebra: 

(4.7) 5^ = 0(Il)[s\--- ,s"-i]. 
We define S'^-modules: 

(4.8) Der^w := Der^w-(H), 

(4.9) :=17^w(H). 
We put 

(4.10) Der^°^""* := {5 G Q{E//W) \ [E, S] = ~6, S is non-singular }, 

(4.11) ns := {oj G ^l//^ I Liesuj = } for J G Der'gT""*, 

(4.12) V := {5 G Der^°,'^^^* | SH^^ ^^{u:,u:') = , Vc.,c.' G }. 



12 



IKUO SATAKE 



Using generators s\ • • • , s" in Theorem[231 we have Der^°,l?'=^* = 0*(H) gfr by 
proposition 14. II In [16j it is shown that V is non-empty and for any 6 Cz V , 

(4.13) V = C*S. 

The foUowing proposition gives a flat metric on E/ /W. 

Proposition 4.2. ([Hj) Take an arbitrary element e of V. Then there exists 
a unique non-degenerate (S'^-symmetric bilinear form 

(4.14) J : Der^vr x Der^w ~> 
and its pull-back of ([414]) by in ([3^ : 

(4-15) J ■ Qe//W ^ ®E//W ^ ^E//w- 

which is a non-degenerate Og.^ ^j^^-symmetric bilinear form. 
They are characterized by the property 

(4.16) J*(tJi,W2) = e/|//^^(wi,cj2) 

for the dual metric of (|4.15p and uji,uj2 G ^^g- 

J is homogeneous of degree 1, i.e. LieE{ J) = J- Furthermore, the Levi-Civita 
connection V"^ for J is flat and V'-^e = 0. 

We introduce flat coordinates. Since E//VF is simply-connected, we could take 
functions whose differential are flat with respect to J. In Lemma we show that 
they generate the ring , thus they give global coordinates for E/ /W. 

Lemma 4.3. (1) There exist holomorphic functions t^, - ■ ■ , t" £ such that 

(1) {dt^,--- ,dt"} gives a C-basis of flat sections of^^^^^ with respect to J on 

E//W. 

(ii) t^,--- , i" are homogeneous elements of with degree (i.e. = d^t^), 
where is defined in 

(Hi) t" = , where s" is defined after Theorem \2.5\ 
(iv)e= ^. 

(2) For t^ , ■ ■ ■ ,t", we have the following results: 
(1)5"^ = OM[t\--- 

(a) t^, - ■ ■ , give global coordinates on E,//W. 

(iii) = ®'l^^S^dt°'. We remark that we use Greek letter for the suffix. 

(iv) We prepare elements G Dcr^w by -^t^ = S^. Then we have Dergw = 

rr^n qW d 

Proof. Since E/ /W is simply-connected, the space 

(4.17) H, {u e r(E//#, ^l^^^) I V^t^ = 0}. 

is n-dimensional. We see that any element of Hi is closed because V'^ is torsion- 
free. Since Lies J = J, a tensor V'^E is flat ([H p. 147]). Then E acts on Hi. Thus 
Hi is identified with 

(4.18) H2 := {lo e r(H, O^^vr ) | V^lo = 0}. 
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by (|4.3|) . Since ip is faithfully flat, the sequence 

(4.19) ^ C 5^ ^ r^^w- ^ ••• 
is exact. Thus we have an exact sequence 

(4.20) ^ C ^ 5^^ ^ il\,v n%v ^ • • • 

because each homogeneous part of each graded module of (|4.19p is coherent and 
the domain H is Stein. Then we could take i^, • • • G satisfying (l)(i). We 
could take i^, • • • , t" € so that t^, • • • , are homogeneous of degree degt^ > 
■ ■ ■ > degt". Since the Jacobian is not 0, degrees of must be d*. For a 

proof of (l)(iii)(iv), see |16j . 

We prove (2). For the proof of (2)(i), wc first list up the set of degree of s". 

Put • • • , d"} {p\ • • • such that 1 = > > . . . > ^ q. We 

put = {a\<r 

We show s" G C'(IHI)[i^, • • • ,t"^"^] for a € by induction on i, that is, we 
show it in the order of i = m, z = jti — 1, z = to — 2, • • • inductively. 

If i = TO, then Q™ = {n} and wc have s" G ©(H), thus the assertion is proved 
for this case. 

If i = TO — 1, then for a G we have = X^/seQ™-! faps^ with /a/j G 

©(H). The matrix (/q/j) of size is invertible because the Jacobian (ff;3-) 

of size n is upper-triangular and invertible. Thus G C'(IHI)[t^, • • • for 
/3 G Q™-i. 

We assume that s" G 0(H)[t\ • • • , for a G Q'+i (1 < j < to - 2). 

Then by the parallel discussion as above, we could show that s" {a G Q*) is 
a linear combination of t" {a G Q') modulo C'(IH[)-coefficient polynomials s'' with 
degs'*' < By the assumption of induction, we have s" G C'(IHI)[t-'^, • • • for 
a€Q\ Thus we have (2)(i). 

(2)(ii), (2)(iii), (2)(iv) are direct consequences of (2)(i). □ 

We call these elements t^, • • • G with the properties of Lemma [4.3r i) 
the flat coordinates. 



4.2. Flat pencil. The purpose of Section W?^ is to recall the notion of a flat 
pencil. We obtain special properties of the Christoffcl symbols with respect to flat 
coordinates by the technique of a flat pencil by the parallel discussion of [4] . They 
are summarized in Proposition 14.61 They will be used to construct a product in 
Section 4.3. and its potential in Section 4.4. 

First we introduce the rational extensions both of a symmetric S'^-bilinear 
form and its Levi-Civita connection. Let K{S^) be the quotient field of the integral 
domain . We define f2^j.g,v) and Der^(5W) by 

(4.21) ^K^s'V) ■■= K{S^) (g}sw O^w, Der;^(sw) := K{S^) (g}sw Deisw. 

Let h* : x ^ he a symmetric S'^-bilincar form with ^ det h* {ds" ,ds^) € 
. It induces the /v (S'^)-linear extension of h*: 

(4.22) h* : n],,s^,. X ^ KiS"^), 
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which is non-degenerate because det h*{ds°',ds^) is a unit in ^'(5*^). The Levi- 
Civita connection and its duah 

(4.23) V''* :Der;f(5U') x DeTK{s'v^ Der^(sw), 

(4.24) V''* :Der^(5».) x ^k(s^) 

are defined and characterized by the metric condition V'' h* = and torsion free 
condition 5' - V'^' S = [6,6'] for 6,6' e Der^(sw). We cah the if(S'^)-bihnear 
form h* flat if the curvature of V'' vanishes, i.e. 

(4.25) vfv,^* -V5^*Vf -Vf,>] 

for any 6,6' £ Der^^gw). 

We shall come back to our situation. We remind that 

(4.26) I* : nlw X n^n- 

is defined as a global section of (|2.24[) . 

The ivr(S'^)-lincar extension of /* is non-degenerate and flat because -^^yy^^ is 

non-degenerate and flat on the open dense subset (E \ Ua^BHa) /W C K/ /W by 
Proposition 13. 21 

Taking a global section on EI of the dual tensor J* of J in (I4.14p . we have 

(4.27) J* : r^^w- X n^.v S^. 

The if(5''^)-linear extension of J* is non-degenerate and flat by Proposition 14.21 
We denote the Levi-Civita connections for i^(S''^)-linear extensions /* and J* 

by V'^ and V'^ respectively. 

Hereafter we use the flat coordinates t^, - ■ ■ ,t" £ introduced in Lemma 

ii3i:i). 

We fix some notations. We simply denote by da- Thus e — di. We put 

(4.28) r;"^ := J*(dr,dt'') e C. 

We have det(77"'') ^ because the set {dt^, ■■■ , dt"} is an S'^-free basis of ril^v^j 
and J is non-degenerate. The complex numbers rjap are determined by the property 

(4.29) r;^^/^ = 6Z, 
where we take summation for the same letter. 

We put 

(4.30) g'^f^ ■.= r{de,dt'^)es^. 

We put 

(4.31) rf r{de,^\'dtP) e K{S^), where V:^* := V^*. 

Proposition 4.4. Let t^, - ■ ■ ,t" be the flat coordinates defined as above. 

(1) T^^ is an element of . 

(2) g"^ and satisfy 

(4.32) dl{g''^)=0, dl{Vf) = Q. 

(3) <lei{dig°'^) is a unit m . 
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Proof. (1) is a direct consequence of the results of |16| . We only give the 
outline. By [HI p.43, (6.7)], V'^'dt^ beco mes a logarithmic form in the sense of 
[16j . Meanwhile I*{uj,u!') is an element of 5^ for oj € flgw and a logarithmic form 
uj' by |161 p. 38, (5.5.1)]. Thus we obtain the assertion of (1). 

For the proof of (2), we first check the degrees of (i9i)^g"'^ and (9i)^r"'^. We 
have 

(4.33) deg(c)i)^g"'' = rf" + - 2 < 0, deg(difTf = d"' + d'^-d'^-2<Q. 

Their degrees are only when a = /3 = 1, 7 = n. In this case, {di)^g^^ = (e)^.g^^ = 
er/" = 0. We show {di)^Tl^ = 0. Since 

= ridt\vi;dt') = ^drJ*{dt\dt') = ^dn9'\ 

it follows that {di)^Tl^ = ^dn{di)^g^^ = 0. In the case where degrees are negative, 
then (9i)2.g"'3 = {di)^rf =0. 

For a proof of (3) , wc remind that J* is non-degenerate. Thus det J* {dt" , dt^) — 
dct{dig°'P) is a unit in S"^. □ 

Wc show that /* and J* give a flat pencil in the sense of [H p. 194, Def. 3.1]. 
Proposition 4.5. K{S^)-linear extensions 

(4.34) r : n],^s«) X ^]i(s^-) KiS"^), 

(4.35) J* : X f7^(5„-) ^ KiS"^) 

form a flat pencil [H pl94 (3.35)] . Namely, if we put := I* + A J* for any A G C, 
we have the following. 

(1) Ix is non- degenerate and flat. 

(2) Let V'^ he the Levi-Civita connection for I'^. Then the equality 

(4.36) /^(cji,V^c^2) = /*(wi,Vfw2) + AJ*(wi,vf wz) 
holds for L0i,uj2 G ^^gw > 5 G Dergw . 

Proof. The proof is completely parallel to Lemma D.l in p. 227]. 

We assert that for any (r, s) G \ {(0, 0)}, the tensor rg"^^ + sdig"^ is non- 
degenerate, flat and its Christoffel symbol T?^ , equals rT"'^ + sdiT!^^ . 

We show that the proposition follows from this assertion. We obtain (1) by 
(r, s) = (1, A) because dig°'f^ = Ty"'^. If (r, s) = (0, 1), then we see that ^iF^'^ is a 
Christoffel symbol of dig"^ = r]"^ . Thus we obtain (2) by (r, s) = (1, A). 

Wc show the assertion. Using the flat coordinates, we regard g"^ and F"'' as 
functions on flat coordinates, i.e. 

(4.37) g«^(i\--- ,t"), Ff (ti,... ,t"). 

We assume that r ^ 0. Then rg"^ {t^ + f,t'^ , ■ ■ ■ , i") is non-degenerate, flat and 
itsChristoffel symbol is rF^^ (ti -h f, t^,- • • Since g'^l^{t\- ■ ■ , i"), F^^(ii, • • • ,<") 

are polynomial functions of degree 1 with respect to t^ by (|4.32p . we have 

(4.38) rg"'5(ti + £,t2,... ,r) = r5"'3(ti,... ,r)+s9i5«^(ti,... ,i"), 



r 

(4.39) rrf{t^ + ^,t^,---,t") = rTf{t\--- ,t") + sdiVf {t\ ■ ■ ■ ,t''). 
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Thus we proved the assertion for the case r 7^ 0. 

For the case of r = 0, sdig"^ = srf^ is non-degenerate and flat because s 7^ 0. 
On Christoffel symbol, we see that r"j^^^ ^ — [rV^^ + sdiV^^] is a rational function 
with respect to (r, s). Since it is on the domain r 7^ 0, we see that it is for any 
(r, s) g \ {(0, 0)}. Thus we proved the assertion. □ 

The following is a direct consequence of Proposition [4?5l (cf. [U p. 226, (D.la), 
(D.2)]) and g2Ql). 

Proposition 4.6. (1) There exists a homogeneous element E satisfying 
the following relations 

(4.40) rf = 77^^9,9^/ (a,7 = l,--- ,«)• 
(2) We have 

(4.41) rf r;^^ = rf r;:'' (a,/?,<5,A. = i,--- ,n). 

We use the following results in Section 4.4 and 4.5. 
Lemma 4.7. We have 

(4.42) g""" =r]^"d°'t", 

(4.43) r;^" = 0, 

(4.44) r;^" = 7/"d"(5^. 
Proof. For (|4.42p . we should prove 

(4.45) r{df') = T]^''E. 
We define the ^''^-isomorphism 

(4.46) Derstt' ^ r2^w, 6 ^ J{S, ■) 

induced by J : Der^w x Der5»' S*^ and denote it also by J. By |161 p. 51, (9.8), 
Assertion(ui)] and [16i p. 52, (9.9), Cor.], we have 

(4.47) I*{J{e))^E. 

We remark that the Eulcr field E in [16[ p. 38, (5.4.3)] corresponds to our operator 
E'. Then by d<" = J?''" J( Jf) V^^'Jimr) ?7^" •/(£), we have the result. 
For (|4.43p . we should prove 

(4.48) V^'dr = 

because T^" = /*(di", V^'dt") by definition. Since we have 

v'pdf' = v^' (/*)-! (r/i"^;) = 77i"(r)-i(v^'i;) = o 

by (|4:45l) and V^'-B = (cf. [ifil p.43, (6.6)]), we have the resuh. 
For (|4.44p . we have 



(4.49) 9/35"" = I* {^13 dr,dt'') + i*{dr,v}j dr) =r^" + r^". 

By ([OS)) and (|443)) . we have gH]). □ 
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4.3. A construction of a product. The purpose of this subsection is to 
define a product. 

Let - • • ,r be the flat coordinates dcflned right after Lemma 14.31 
In order to explain the definition of (j4.53p . we assume in this paragraph 
that there exists a product structure o on the tangent bundle of /W such that 
{K/ /W,o^e,E^J) becomes a Frobenius manifold. Under this assumption, we ob- 
tain the following properties. We put the structure coefficients C^^ with respect 
to the Of_^^-ivee basis J*{dt^), • • • , J*{dt"-) by the equations: 

r{de) o J^dtf^) = Cfj*{dt^). 

Then by the uniqueness of the Levi-Civita connection with respect to the tensor 
^l.//w' ^^^^ ® p. 194, Lemma 3.4]) 

(4.50) T'^^ = df^Cf. 

Also by the equation J*{dt^) = ?7^"9i ~ rj^'^e, we have 

(4.51) C™^??!";^^. 

By the equations (|4.50p . (|4.51[) and the fact that 7^ if /3 7^ n, we see that the 
product structure is unique if it exists. 

Therefore we define the new product o by the equations: 

(4.52) J*(dt") d J*{dt^) := Cfj*{dt^) 
where 

I r] ol^ it p = n. 

This definition does not depend on the choice of the flat coordinates t^, - ■ ■ 
By <S^ -linear extension, we have 

(4.54) o : Der^w x Dcr^n- Der^iv. 

By taking a pull-back of (j4.54p by (p in (|3.3p . we define a product 

(4-55) o : 6)2//^ X Qg^/^ '^e//w- 

We shall show that {E/ /W,o,e, E, J) becomes a Frobenius manifold in the 
following subsections. 

4.4. Existence of a potential. The purpose of this subsection is to show 
the existence of a potential for the product defined in Section 4.3. We give it in 
Proposition adding to the ambiguity of a potential. 

We explain the idea of the construction of a potential F. We construct a 
potential of the product by a technique of a flat pencil which is similar to the finite 
Coxeter group case [4] . But our product o is defined in a case by case manner (cf . 
(|4.53p ). Thus we need to check the compatibility conditions also in a case by case 
manner. 

Let t\ • • • be the flat coordinates defined right after Lemma 14.31 
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Proposition 4.8. (1) There exists F e of degree 2 such that 

(4.56) J{X oY,Z)= XYZF 

for flat vector fields X,Y,Z on with respect to J. Such F is unique up to 

adding cit})"^ some c G C. 

(2) For any F G satisfying ^.56\ l, we have 

(4.57) ^£//vi/(^'^') = EJ*{u;)J*{u;')F 

for flat 1-forms lu,uj' on E//M^ with respect to J. Conversely any degree 2 element 
F G S^' satisfying {4-.57\ ) satisfies I4.56\ ). 

Proof. The assertions are all linear with respect to flat 1-forms ui, lo' and a flat 
vector field X,Y,Z . Then we should only prove the following assertions (a),(b),(c): 

(a) There exists F G of degree 2 such that 

(4.58) Cf = v'^'T^^'^d^d^d^F (a,/3,7 = 1, • • • ,n), 

(4.59) = Er^l^'ij'^^d.d^F (/?, 7 = 1, • • • , n). 

(b) An element F G satisfying (|4.58|1 is unique up to adding c(t^)^ for some 
cG C. 

(c) An element F G satisfying (|4.59|) is unique up to adding c(t^)^ for some 
cG C. 



Here we used notations such as g°''^ etc. defined after Lemma l473l 
We prove (a) in five steps. 

As the first step, by Proposition 14. 6f 1 ) . we could take a homogeneous element 
y7 1^ satisfying the following relations 

(4.60) = (a,a = l,--- ,n). 

We put 



(4.61) F'^ 



fyd^ if 7 ^ 



We show that F^ satisfies 

(4.62) C:'' =Tj"'d,d„F^ (a,(T = l,--- ,n). 

If 7 = it is O.K. by definition of C^". If 7 7^ n, then it is O.K. by (|i:BD)) and 
(|i:BT|) . FT G is homogeneous of degree 1 + rfT ^ 2 - (1 - rfT). 
As the second step, we shall check the equation: 

(4.63) /T = + d'')if''d,F''. 

If 7 ^ n in (|4.63p , then we should only prove the equation 

(4.64) ^ + d'')r]'^^d,{d^F^) 

because 7^ 0. We use the torsion freeness of V^' (cf. [H p.l93, (3.27)]): 

(4.65) = g'^'^T'^^. 
We take fi = n. Then L.H.S. of ((465)) becomes 

(4.66) <?"T^T ^ g^^ir^^-^d^SZ) = r^^'^d^g"'^ 
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by g33). R.H.S. of (|4:65l) becomes 

(4.67) g"<xpa7 ^ {r]^"d''t''){T]°''d,d^r) by (O^ and Km 

= r;i"(d^r9,)(r;"^9JT) 

= 77i"(d" + (r){'q°''d,P) by deg r;"^^^ = -(1 - rf")- 

Then by ryi" 7^ 0, we have ([4^4]) . 

If 7 = 71 in (j4.63p , then we should prove the equation 

(4.68) 5^" = [d'^ + d")r]'^'d,F". 

L.H.S. is rj^'^d^t'^ by g321)- R.H.S. is d^r]'^'d,F'' by = 0. Then (jilBSl) is a 
consequence of the definition of 

As the third step, we show that there exists a homogeneous element F e 
of degree 2d^ = 2 such that it satisfies the following equation: 

(4.69) i^^ = 77'3^9^F. 

By (|4.20p . we should only prove the integrability conditions 

(4.70) 'qf^'d.F'-' = Tj^-^d^Ff^ 

for ^ 7. Since /3 ^ 7, we have d^ + d'^ ^ 0. Then by ((463)) . the assersion (|470l) 
reduces to the property of metric g^^ = g'^^ . 

As the fourth step, we have (|439l) because E'ql^^rP^'d^d^.F = (d^+d'')?7^^?^^a,a^F 
for = 2F. 

As the fifth step, we have because of and 

Thus we finished the proof of the part (a). 

We prove the part (b). Let Fi and F2 be degree 2 elements of 5^ satisfying 
the condition (|438l) . Then F3 := Fi - F2 satisfies = rj^^rj^fded^d-^Fs. Thus 
F3 is a polynomial of t^, - ■ ■ , of degree less than or equal to 2. But by the 
degree condition, F3 must be constant times (t^)'^. Thus we see the ambiguity of 
F satisfying the condition (|4.58p . 

We prove the part (c). Let F4 and F5 be degree 2 elements of satisfying 
the condition (|439l) . Then Fq := F4 - F5 satisfies = Er]'^'r]'^t'ded^FG = {d^ + 
(P)ri^'^r]'^f^dedfj,FQ, where the last equality comes from the degree condition. Thus 
we have 

(4.71) .N-Wa^' ![!^''!^^"!' 

[f if (/3, 7) = (»^, "-) 

for some clement / £ of degree 0. Thus Fg ~ ^/(i^)^ + g, where g £ is 
a linear combination of i^, ■ • • ,t" plus constant. But by the degree condition, g 
must be 0. Applying the equation (|4.7ip for the case of (/3,7) = (1,?t.), we see 
that / must be a constant. Thus we see the ambiguity of F satisfying the condition 
(|439l) . □ 

4.5. Property of the product. The purpose of this subsection is to show 
the properties of the product. 

Proposition 4.9. For vector fields X,Y,Z on E//W, we have 

(1) XoY ^Yo X. 

(2) eo X = X. 

(3) {XoY)o Z ^Xo {Y o Z). 
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Proof. Let t^, • • • ,t" be the flat coordinates defined right after Lemma l473l 
For (1), it is a direct consequence of Proposition 14.81 
For (2), we need to show 

(4.72) J*{de)oe^ J*{de) (a = 1, •••,«). 
By definition, wc have 

J*(dt") o J*{de) = dpridtf^) = r]^"6p*{dt^) = r]^"J*{dt"). 

Since J*(dr) = 7?i"e and Ty^" 7^ 0, we obtain (|4J2l) . 
For (3), we need to show 

(4.73) CfC^'^Cfcf (a,A^,M=l,--- 
We show (|4J3l) . We have 

(4.74) r^'^r;^^ = rf r;^^ (a,/3,<5,/i = i,--- ,n) 

by Proposition I4.6r 2) . 
We show 

(4.75) r^'' = d'^df. 

If /? ^ 0, it is O.K. by ([453)) . If /3 = 0, it is O.K. because both hands are by 
= and ((4:43)1 . 
By (j4J5l) . we have 

(4.76) df^d^C^^Cl^ = df^d^d^^Cf {a,f3,6,n = 1, - • • ,n). 

Therefore we obtain (|473)) for the case d^d'^ ^ 0. 

For the case d'^d* = 0, the index P ot 6 must be n. Then we have C"" = tj^'"'5" 
by definition. Then the assertion (|4.73p is apparent. □ 

4.6. Construction of Probenius manifold structure. The purpose of this 
subsection is to construct a Frobenius manifold structure. 

Proposition 4.10. The tuple (E//M^,o, e, E, J) is a Frobenius manifold satis- 
fying the conditions of Theorem \3. 6Y I ) . 

Proof. We shall check the properties of Frobenius manifold. 

We check J{X oY,Z) = J{X, Y o Z). We may assume that X, Y, Z are flat. 
Then J{X d Y,Z) ^ XYZF. Also wc have J{X, Y o Z) = J{Y S Z, X)YZXF. 
Since XYZF = YZXF, we have J{X o F, Z) = J{X, YoZ). 

We check that the (3, l)-tensor V o is symmetric. We should only prove 
Vx {YoZ)^ Vy {X o Z) for flat vector fields X, Y, Z. We prove J{V x {YoZ),W) = 
J(Vy(XoZ),Ty) for a flat vector field VF. Since J x{Yo Z),W) ^ XJ{Yo Z,W) = 
XYZWF and J(Vy(X o Z),W) = YJ{X o Z,W) ^ YXZWF, we have the re- 
sult. ^ ^ 

The flatness of J and the property Ve = are asserted in Proposition [4?2l 

Homogeneity conditions Liesi o ) = 1 • ° and LieE{J) = J (i.e. D = \) are 
consequences of Lie^F = 2, LicEe = [E,e] — — and -^^^-E-^ly/^^ = 0- 

We prove Ig^ ^^{uj,lu') = J{E, J*{lo) o J*(a;')). We may assume that lu,uj' are 
flat. By Proposition I4.8r 2) . we have 

J{E,J*{u;) o r{u;')) = EJ* {u;)r {uj')F = /^ ,^(t^, c^')- 
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□ 



5. Uniqueness of the Frobenius manifold structure 

In this section, we give the proof of Theorem 13. 6f 2) f3). that is, the uniqueness 
of Frobenius manifold structure on E//VF. 

Theorem l3.6l (2) is trivial. Theorem l3.6l (3) reduces to Proposition l5.2l We 
prepare the following proposition. 

Proposition 5.1. Let (M, o, e, E, J) be a Frobenius manifold with intersection 
form I* . Put 

(5.1) J' -.^ {uj en\j\LieeU} ^0}, 

(5.2) T:={feOM\e{f)^0}, 

(5.3) n\J := {uj en\j\VLU = 0}, 

where V is the Levi-Civita connection for J . Then 

(1) T ^]^7 and it induces ~ T ®c • 

(2) e is non-singular and [E,e] = —e. 

(3) e^r{uj,uj') = forLo,Lo' e T. 

(i) e/*(w,cj') = J*{uj,uj') foruj,uj' G ^e. 

Proof. We show (1). First we show that T D ■ We take a flat 1-form 
77 e n\J. For a flat vector field Y, we have {LieeV){y) = e{v{Y)) - v{[e,Y]) ^ 
because [e, Y] ~ VeF — Vye = 0. This gives Licerj = 0. Thus 77 e J^. We see easily 
that the isomorphism ~ Om ®c induces JF ~ T (g)c ^a7- 

We show (2). Since e is flat, e is non-singular or 0. If e = 0, then any vector 
field X must be because X — Xoe — XoQ^Q. which is a contradiction. Thus 
e is non-singular. Also we have [E, e] = — e because the Lie derivative of e o e = e 
by E gives LieE{e) = — e since LieE{°) — 1 ■ o. 

We show (3) and (4). We first remark that the local existence of f £ Om such 

that 

(5.4) J{X,YoZ)=XYZf 

for flat fields X, Y, Z is well-known (cf. [H p. 147]). 
Then for uj,uj' : flat 1-forms, we have 

eI*{uj,Lo') = eJ{E,J*{uj) o J*{lu')) 
= eEJ*{uj)J*{uj')f 
= {e + Ee)J*{uj)J*{Lu')f 
— J*{uj,uj') + EJ* (uj, Lo') 

= J*{UJ,UJ') 

because J*([j,[j') is a constant for flat 1-forms lo^lo' . Then we have e^/*(a;,a;') = 
eJ*{uj,uj') = 0. 

By the result of (1), it is sufficient to show (3) and (4) only for lo, lo' fiat 1-forms, 
because (3) and (4) are linear over the ring T. Thus we have the result. □ 
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Proposition 5.2. Let (E/ /W, o, e, E, J) be any Frobenius manifold which sat- 
isfies the conditions of Theorem \3.6\f l). Let (E//VF, o, e, i?, J) be a Frobenius man- 
ifold constructed in Proposition \4.1(\ Then there exists c G C* such that 

(5.5) {t/ /W,c-^o,ce,E,c-^J) = {t/ /W ,o,e,E,J). 

Proof. By Proposition[53](2), we have e G Der^w''^*. By Propositionl5l](3), 
e S where V is defined in (|4.12p . By (|4.13p . we have e = e for some c G C*. 
We have VL,, = 0.^, where Vt^ is defined in (|4T11) for e G Der^°^'=^*. 

By Proposition l5.ir 4'). J*{ijj,uj') = cr^J*{uj,uj') for ll>,ll>' e fte ^ i^s- Since 
Q,e = T contains an Og^^y^-free basis of by Proposition l5 . If 1 ) . we have 

J* ~ c^^J* . Thus we have J — cJ. 
By Theoreni|32i;2), 

(5.6) (t//#, o', e', J') := {t//W, c'^o^ ce, V) 

is also a Frobenius manifold satisfying the conditions of Theorem 13. 6f l). We need 
to prove {t/ /W,o',e',E,J') ^ (E/ /W ,o,e,E,J). We already have e' = e, J' = J. 
Since these Frobenius manifold structures have the common intersection form 
product structure of the Frobenius manifold is uniquely determined by 
the data of the unit vector e, the Euler field E and the flat metric J as we discussed 
in Section 4.3. Therefore we have the result. □ 
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